Abstract. Let F be one of the fields R, C, or H and correspondingly let FG be O, U, or Sp, i.e. the orthogonal, unitary, or symplectic group. Over the flag manifold ¥G(n¡ + ■■ ■ +nk)/¥G(nx) X ■ ■■ X¥G(nk) one has vector bundles y, over F of dimension n¡, 1
1. Introduction. Let F be one of the fields R, C, or H, and correspondingly let FG be O, U, or Sp, i.e. the orthogonal, unitary, or symplectic group. If n = n, + n2 + ■ ■ ■ +nk, 1 < n¡, let FM(nx, n2,... ,nk) = FG(n)/FG(nx) XFG(n2) X ••■ XFG(nk) be the manifold of flags, consisting of k mutually orthogonal F-subspaces of F" with the ith subspace having dimension n¡. Over FM(nx, n2,...,nk), one has vector bundles y¡, Î < t < k, over F with the fiber dimension of y¡ being n¡, with the total space consisting of pairs (V, x), where V = (V">, V2"2,..., Vkk) is a flag and x G V"> is in the z'th subspace.
The purpose of this note is to determine all cases in which it is possible to have decompositions of the bundles y, into nontrivial Whitney sums of F-subbundles. Equivalently, let «, = n\ + n2 + ■ ■ ■ +«}., 1 < n'j, 1 <j¡, be partitions of the «,. One then has a fibering ■n:FM\n\,... ,n\,... ,n\,... ,n)k) ^FM(nx,n2,...,nk), and this note will detennine all cases in which w has a section. This problem is suggested by work of Glover and Homer [1, 2] , and generalizes the solution for projective spaces (the case FM(1, n2)) in [3] and for Grassmannians (the case FM(p, q), 2 «£/? < q) in [5] . In essence, this note reduces the general problem to those special cases, or more precisely to the solutions given for those cases. The easiest case is F = H, which is in fact completely trivial, while the case F = R is the most difficult and requires a few new thoughts. The paper will be organized by taking these cases in the order of increasing difficulty.
In the final section, it will be shown that there are no real splittings of the universal bundles over quaternionic Grassmannians HM(p, q), 2 < p *£ q. This case was not covered in [5] , and serves to complete those results.
The author is indebted to the National Science Foundation for financial support during this work. However, the bundle y" over HP" never admits a proper Whitney sum decomposition over H (or even over C) by [3] . D Proof. Suppose there was a section. Over CM(1, \,m), one has two Une bundles y, and y2 and an w-plane bundle y3, with the bundle y3 having a proper Whitney sum decomposition y3 = p © tj9, p + q = m, p =£ q. By Lemma 1, the same decomposition exists over CM (1, m) . Applying the results of [3] , m is odd and p -\, q -m -1. Further, over CM(1, m), the Une bundle | is the complex conjugate of the Une bundle y,.
Thus, over CAf(l, 1,2s + 1), the only possible decomposition is y3 = £' © rj2i. Let c,(y,) = x and c,(y2) -y. Using the two different inclusions of CM(l,2s + 1) in CM(1, 1,2j + 1), it is immediate that c,(£) = -(x + y). Now examining the arguments in [5] , the argument that yp over CM(2, p) cannot spUt was actually done by calculation in CP(y2) = CM(\, 1, p). Using Stiefel-Wnitney and Pontrjagin class calculations, it was shown that the puUback of yp to CP(y2) could not contain a Une bundle with Chern class -(x + y). D Proof. By Lemma 3, m = 5, (m,,...,m-) = (1,4), using Lemma 1 implicitly. Further, with Lemma 1, one may reduce the case r > 4 to r -4. However, the argument for spUtting y5 over RM (4, 5) in [5] shows that no decomposition can exist. D If y" = $J © rf"~J over Gk(Hn+k), then y" = f © r¡4"-J over G2(H"+2). Applying the mod 2 cohomology analysis [5] as for G2(R"+2) but with degrees multiphed by 4, one has n = 2s -3 for some (s s* 3) and y = 4. By properly choosing orientations X(t) ■ AT(t,4"-4) = X(yn) = c2n(y") = (-l)"pn = ±p" + terms divisible byp2
and so X(£4) = ±px is not divisible by any integer. Applying the mod 3 reduced power operation, 6p'(Pi) = 9"(*2 +y2) = 2x* + 2y4 = 2((x2 +y2f -2x2y2) = 2p\ -p2
(wherep = (1 + x2)(l + y2) via the spUtting principle). Since this is not a multiple of px, no vector bundle can have Euler class equal to ±px. D
